Abstract-Two recent contributions discussed the theory of perfect-reconstruction (PR) chromatic derivative filter banks comprising an infinite number of channels. This letter extends the theory to the case of finite channels. A novel time domain procedure is delineated for designing the synthesis filters that achieve PR in this case.
I. INTRODUCTION
I N THIS LETTER, we present the problem of multichannel sampling discussed in [3] and [4] from the view of a continuous-time biorthogonal filter bank, and we show that this viewpoint leads to new insights. A particular filter bank of this kind, called the chromatic derivative filter bank, is explored in greater detail. See [6] for a comprehensive survey of single and multichannel sampling theory.
Chromatic derivatives are linear combinations of the ordinary derivatives, where the coefficients of the combination are derived from orthogonal polynomial theory. Surprisingly, by taking combinations of a notoriously difficult operation such as differentiation, we obtain perfectly stable filters. This is because of the well-known orthogonal properties of the underlying polynomial set. The weighting function employed in the definition of these polynomials basically determines the characteristics of the filters. We believe that these derivatives are preferable to the ordinary derivatives in situations where wide-band channel splitting is needed. Multichannel analog-to-digital conversion of high-bandwidth signals is one such example.
The theory of perfect reconstruction (PR) in chromatic derivative filter banks with an infinite number of channels is discussed in [1] and [2] . We extend that theory to the finitechannel case here. Although one can obtain an approximate reconstruction of the original signal by truncating the infinite series expansions, as explained in [1] , we show that it is in fact possible to achieve PR by proper choice of the synthesis filters. We delineate a time domain procedure for designing such filters. Fig. 1 shows an -channel filter bank, where the input signal is bandlimited to , and the sampling rate of the subbands is times smaller than the Nyquist rate of one sample per second. The output signal can be expressed as . We assume that the input belongs to the space spanned by the doubly indexed set of (linearly independent) functions , , i.e., for some set of constants . For such an input, following the procedure in [1] and [2] , we can show that the PR property holds if the analysis and synthesis filters satisfy the biorthogonality condition (1) where is the Kronecker delta function. If denotes the cascaded impulse response of the th analysis filter and the th synthesis filter, then (1) can equivalently be written as .
III. CHROMATIC DERIVATIVES BASED ON ORTHOGONAL POLYNOMIALS
Consider a sequence of polynomials in the interval [ 1, 1] , which are orthogonal with respect to a nonnegative even weighting function that is not identically zero over the defining interval. It is well known [5] that such polynomials can be obtained using the recursion (2) with and . The values of the constants , , , and depend on the weighting function that defines the polynomial family. As in [1] , we identify the th analysis filter of the filter bank using the th orthogonal polynomial as follows:
The factor in the definition of the analysis filters guarantees that their impulse responses will be real for all values of . The output of the th analysis filter in Fig. 1 is known as the th chromatic derivative of evaluated at . Using (2) , it can be shown that the analysis filters are polynomials in . Specifically, we can express them as where are real constants. If these constants are arranged as an matrix whose th element is , then it can be verified that the matrix is lower triangular with nonzero diagonal elements. This follows from the fact that the analysis filters satisfy a recursive relation similar to (2) . Since the factor in the frequency domain corresponds to the th derivative in the time domain, the matrix also defines the relationship between the ordinary derivatives and the chromatic derivatives. (Note that the row and column indexing of the matrix starts at zero.)
IV. TIME DOMAIN DESIGN OF SYNTHESIS FILTERS FOR PR
With the analysis filters expressed as in (4), the biorthogonality or PR condition (1) becomes (5) Noting that corresponds to differentiation in time, we can write this equivalently as (6) for all , with superscript denoting the th derivative. We now choose the synthesis filters as (7) where is a -bandlimited signal defined as the th power of the function and is a polynomial in of degree (8) and (9) The values , , represent the coefficients of the th polynomial. We will choose them so that the filter bank satisfies the PR conditions.
Using the Leibnitz rule for the th derivative of the product in (7), we get (10) Since and its first derivatives are zero at for all , it follows that and its first derivatives are also zero at these points. Thus, the above choice of synthesis filters satisfies the PR condition (6) for all . Next, we pick the polynomial coefficients to take care of the case . Substituting (10) in (6) with , and noting that , we get (11) Using matrix notation, we can rewrite (11) as , where is the matrix that relates the ordinary derivatives to the chromatic derivatives as explained in Section III; is an matrix of the polynomial coefficients with th element ; and is an lower triangular matrix with elements .
The diagonal elements of are nonzero, ensuring nonsingularity. The synthesis filters can, therefore, be uniquely identified from the elements of the matrix . Since and are both lower triangular, is also a lower triangular matrix. Its th column denotes the coefficients of the th polynomial. Specifically, we can write .
Example Let , and assume that the analysis filters are based on the Chebyshev family of chromatic derivatives [1] . In this case, the matrices are given by and The corresponding polynomials are , , , and .
V. CONCLUSION
The interpretation of generalized sampling as a continuous-time biorthogonal filter bank leads to many novel sampling expansions. One such expansion based on chromatic derivatives is discussed in this letter, along with an elegant time domain design procedure for the synthesis filters to achieve PR. Our procedure is simpler than the frequency domain approach proposed in [3] for the case of ordinary derivative-based sampling. The realization of a stable filter bank in which the channel filters are all wideband is possible by employing chromatic derivative operators for the analysis filters. Potential applications of this filter bank include multichannel analog-to-digital conversion, where sub-Nyquist samples of the individual channels can be used to represent a broadband signal, and transient analysis of signals.
